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Abstract: We introduce generalized calibrations that take into account the gauge field
on the D-brane so that calibrated submanifolds minimize the Dirac-Born-Infeld energy.
We establish the calibration bound and show that the calibration form is closed in a
supersymmetric background with non-vanishing NS-NS 3-form H and dilaton Φ. We show
that the calibration conditions are equivalent to the existence of unbroken supersymmetry
on the D-brane. We study the problem of supersymmetric D-branes in the presence of
H 6= 0 also from the world-sheet approach and find exactly the same conditions. Finally, we
show that our notion of generalized calibrations is equivalent to the calibrations introduced
in the context of generalized Calabi-Yau geometry in math.DG/0401221.
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1. Introduction
String/M-theory on supersymmetric backgrounds with non-vanishing fluxes is currently
a very active field of study. One reason is that those backgrounds provide the setup for
models with attractive phenomenology and another is that they appear in generalizations
of the AdS/CFT correspondence. The background geometry in this paper consists of non-
vanishing fields in the common NS-NS sector of type IIA and IIB supergravities, i.e. we
consider a non-vanishing dilaton Φ and 3-form H, but put all R-R fields and fermions to
zero. The supersymmetry conditions for backgrounds with fluxes, pioneered in [1], lead to
G-structures. We will mainly consider geometries with SU(n)L×SU(n)R-structure, where
the SU(n)L/R are constant with respect to covariant derivatives with different connections
∇± 12H [2].
In this paper we are interested in the conditions for branes to preserve some of the
supersymmetry of the background. In the simplest case, without fluxes, the background
has special holonomy and supersymmetric branes wrap calibrated submanifolds [3], which
are volume-minimizing [4, 5, 6]. For SU(n) holonomy (Calabi-Yau) there are two cases
depending on whether the calibration is eiω or ℜ(Ω), where ω is the Ka¨hler form and
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Ω is the (n, 0)-form. These correspond to complex and special Lagrangian submanifolds
respectively.
In supersymmetric backgrounds with fluxes, supersymmetric branes are associated
with generalized calibrations, which were introduced in [7] and extensively studied in [8, 9].
These calibrations take into account the coupling of branes with background fluxes so that
the calibrated submanifolds are no longer volume-minimizing but rather energy-minimizing.
Here we introduce another notion of generalized calibrations, in the same general philosophy
though, which takes into account the gauge field F on a D-brane. As far as the author is
aware a calibration like this has not yet been introduced for general Dp-branes (see [10]
for a brief discussion of the case of the D4-brane as dimensional reduction of the M5-
brane). Generalized calibrations now minimize the Dirac-Born-Infeld energy. Furthermore
it is shown that the calibration conditions are equivalent to the vanishing of the gluino
supersymmetry transformation for some spinors. The conditions for the latter were studied
in [11].
However, we can study these conditions also from the string world-sheet viewpoint
where D-branes are regarded as boundary conditions for open strings. In the case of van-
ishing 3-form flux and flat gauge field on the D-brane, F = 0, it is well-known that this
approach gives equivalent results [12, 5]. The string world-sheet approach starts from an
N = (2, 2) SCFT in the bulk, which induces U(n)L × U(n)R structure, and demands that
the boundary conditions preserve N = 2 world-sheet supersymmetry. This is precisely the
condition for the D-branes to descend to topological string theory so they are called topo-
logical branes. Depending on which combination of left- and right-moving supersymmetry
is preserved one has B-type and A-type D-branes corresponding to the complex and special
Lagrangian submanifolds of the effective action approach respectively.
In [13] it was discovered that there exist supersymmetric D-branes of type A which are
not special Lagrangian if the gauge field F is turned on. In that paper the condition for the
D-branes to be topological was worked out: they are coisotropic rather than Lagrangian.
However, the requirement of N = 2 world-sheet supersymmetry alone is not enough for
target space supersymmetric D-branes. To proceed one should note that target space
supersymmetry is generated by the spectral flow operators. In order to globally define
these spectral flow operators and thus have preserved target space supersymmetry in the
bulk we must further reduce the structure to SU(n)L × SU(n)R. On the boundary, one
needs preservation of the spectral flow operator, which is called the stability condition. In
the simplest case of F = 0 stability corresponds to the requirement of special Lagrangian
in addition to just Lagrangian. In [14] this stability condition was studied in the case of
non-vanishing gauge field on a D-brane in a Calabi-Yau manifold (H = 0) and shown to
be completely equivalent to the conditions for supersymmetric D-branes found from the
effective action approach in [11].
In this paper we generalize the world-sheet approach to the caseH 6= 0. The topological
string theory with H 6= 0 was introduced in [15] and the condition for the D-brane to be
topological was studied in [16]. Here we construct the remaining condition for the D-brane
to be stable and show that both requirements, topological and stable, are exactly the same
as the conditions for the D-brane to be generalized calibrated. Therefore, also in the case
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H 6= 0 we find the same supersymmetry requirements from the world-sheet approach as
from the effective action approach.
A geometry with U(n)L × U(n)R-structure where the U(n) structures are covariantly
constant with respect to different connections ∇ ± 12H, called bihermitian geometry [2],
is in fact completely equivalent to a (twisted) generalized Ka¨hler structure, introduced in
[17], building on the work of [18]. A generalized Ka¨hler structure consists of two commut-
ing (twisted) generalized complex structures (J1,J2). If the structure is further reduced
to SU(n)L × SU(n)R we call it a generalized Calabi-Yau geometry1. It comes as no sur-
prise then that our generalized calibrations should have an interpretation in the theory of
generalized complex structures. In [16] it was shown that a D-brane is topological if it
is a generalized complex submanifold with respect to J1 (for type B) or J2 (for type A).
Furthermore, in [17] a definition of a calibration in a generalized Calabi-Yau geometry was
given. We show that our concept of generalized calibration is equivalent i.e. a brane is
generalized calibrated (in the sense this paper) if it is a generalized complex submanifold
with respect to J1 and calibrated (in the sense of [17]) with respect to J2 for type B and
vice-versa for type A. Under the mirror symmetry automorphism of the world-sheet theory
J1 and J2 are exchanged so that mirror symmetry indeed swaps B- and A-type branes.
Furthermore, we note that B-type topological string theory defined in [15] only sees J1
while the stability condition of the B-brane depends on J2 and vice-versa for the A-brane.
This is in fact also the case for H = 0, where the roles of complex structure and Ka¨hler form
are exchanged between the topological field theory dependence and the stability criteria.
Other work on generalized complex structures from the target space viewpoint is
[19, 20, 21], from the world-sheet viewpoint [22, 23, 24] and on the relation with mirror
symmetry [25, 26, 27, 28].
In section 2 a definition of generalized calibrations is given. The calibrated subman-
ifolds minimize the Dirac-Born-Infeld energy. A suitable calibration form is constructed
from the generators of unbroken supersymmetry. It is shown that this form is closed and
generates the calibration bound. We show that the conditions for saturating the bound
coincide with the condition for supersymmetric cycles. In section 3 the same conditions
for supersymmetry are found, but now from the world-sheet approach. In section 4 we
present the canonical example of ordinary Calabi-Yau manifolds. In section 5 the results
are interpreted in the context of generalized Calabi-Yau geometry.
2. Calibrations
2.1 Generalized calibrations
In this subsection we will quickly review the concept of calibrations and generalize it
slightly to include the gauge field living on the world-volume of D-branes. Calibrations
were introduced in [3] in order to construct volume minimizing submanifolds.
An oriented tangent p-plane is a vector subspace V of TxM with an orientation. A
p-form φ on a Riemannian manifold (M,g) is a calibration if dφ = 0 (φ is closed) and for
1Note that the definition of a generalized Calabi-Yau structure in [18] is different from that in [17]. Here
we mean the latter stronger one.
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any tangent p-plane, V , it satisfies
φ|V ≤ vol|V , (2.1)
where φ|V is the pull-back to V and vol|V is the induced volume form on V . We also
demand that in every point x of M , there exist p-planes for which the bound is saturated.
Those p-planes form the contact set.
A p-dimensional submanifold N of M — a p-brane — is calibrated by φ if at any point
x ∈ N it satisfies φ|TxN = vol|TxN i.e. it saturates the bound at any point x. In this paper
we will often rewrite this condition as
P (φ)ǫ =
√
P (g), (2.2)
where P denotes the pullback to the p-brane world-volume and2
P (φ)ǫ =
1
p!
P (φ)a1...apǫ
a1...ap . (2.3)
It is clear that such branes are world-volume minimizing within their homology class since
if we take another brane N ′ within the same class N ′ = N + ∂Q we find
vol(N ′) =
∫
N ′
vol ≥
∫
N ′
φ =
∫
N
φ+
∫
Q
dφ =
∫
N
φ =
∫
N
vol = vol(N), (2.4)
where we used Stokes’ theorem and dφ = 0. Calibrations are often constructed from
bilinears in spinors [29]. One can then make the link with supersymmetry generators and
show that calibrated branes preserve some of the supersymmetry of the background.
In [7] generalized calibrated submanifolds were introduced which do not minimize the
volume but rather the brane energy, which includes couplings to the background fields.
Likewise these branes wrap supersymmetric cycles. In this paper, however, we specialize
to D-branes and also take into account the gauge field F , with dF = 0, on the D-brane.
The basic philosophy of generalized calibrations is the same in that we will now minimize
the D-brane energy i.e. the Dirac-Born-Infeld energy. A D-brane is now a generalized
submanifold with data (N,F) with F an abelian gauge field. We introduce a sum of forms
of different dimension φ ∈ ∧•T ∗M ,
φ =
∑
l
φ(l), (2.5)
and a polynomial in F , pol(F), in which the products are wedges. φ is a generalized
calibration if dφ = 0 and for every generalized submanifold (N,F) the following bound is
satisfied:
(P (φ) ∧ pol(F))[p],ǫ ≤ e−Φ
√
P (g − b) + F , (2.6)
where we selected out the p-dimensional part of P (φ) ∧ pol(F), b is the NS-NS field and
Φ the dilaton. It will be convenient to introduce F = F − P (b), since F and P (b) will
always appear in this combination in D-brane actions. As usual the torsion is given by
2See appendix A for more conventions.
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H = db. The right-hand side of the bound is indeed the Dirac-Born-Infeld energy. We had
to go to the trouble of considering φ separately from F because the form φ is defined on M
while F is only defined on the D-brane world-volume and in fact part of the D-brane data.
The reader should keep in mind that this concept of generalized calibrations is different
from [7]. We will use the term generalized calibrations in the hope that it will cause no
confusion. Now (N,F) is a generalized calibrated submanifold if
(P (φ) ∧ pol(F))ǫ = e−Φ
√
P (g) + F. (2.7)
If we now take another D-brane (N ′,F ′) where N ′ = N+∂Q is in the same homology class
as N we can go through the same reasoning as in (2.4) to show that (N,F) has indeed
minimal energy within its class provided that∫
PN ′(φ) ∧ pol(F ′) =
∫
PN (φ) ∧ pol(F). (2.8)
The exact topological condition for this statement to be true is that there must exist a
gauge bundle on Q such that its Chern class restricted to N gives the Chern class of F and
its Chern class restricted N ′ the Chern class of F ′. It might be better to choose a gauge
bundle on the whole manifold M right from the start (the choice of a particular gauge field
F within that bundle is still free as it should be since it is part of the data of the D-brane)
although we loose some generality then3.
2.2 The calibration form
In this subsection we construct the calibration form φ and show that it is closed while in the
next subsection we will prove the bound (2.6). The basic ingredients of our calibration form
are the generators of left- and right-moving preserved supersymmetry transformations. The
supersymmetry transformations for type II theories contain two 10-dimensional Majorana-
Weyl spinor parameters ǫL and ǫR. Here, L and R indicate whether they originate from
left- or right-moving supersymmetry generators on the string world-sheet. In type IIA
these spinors have opposite chirality while in type IIB they have the same chirality. In
type II supergravity the supersymmetry transformations for the gravitino and dilatino
read respectively:
δψL/Rµ =
(
∇µ ± 1
4
/Hµ
)
ǫL/R = ∇±µǫL/R,
δλL/R =
(
/∂Φ± 1
2
/H
)
ǫL/R,
(2.9)
where L gets the plus sign and R the minus sign, ∇ is the covariant derivative containing
the Levi-Civita connection, Φ is the dilaton, H the NS-NS 3-form and all R-R forms were
put to zero. We consider geometries with both left- and right-moving preserved supersym-
metries generated by ǫL and ǫR respectively. The vanishing of the gluino supersymmetry
transformation on the brane will then relate ǫL and ǫR.
3We thank Jim Bryan for explaining all this.
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If we introduce the sum of forms φ0 ∈ ∧•T ∗M ,
φ0 =
10∑
l=0
1
l!
ǫ¯Rγµ1...µlǫL dx
µ1 ∧ dxµl , (2.10)
we find using both δψL/Rµ = 0 and δλL/R = 0 for ǫL and ǫR (see also [30, 20])
dφ0 −H ∧ φ0 − dΦ ∧ φ0 = 0. (2.11)
Therefore we should take our candidate generalized calibration to be
φ = e−Φφ0e
−b, (2.12)
so that it is closed. Furthermore we take pol(F) = eF so that in the pull-back to the
world-volume P (b) and F indeed appear in the invariant combination F = F − P (b).
To proceed we like to consider supersymmetric cycles in Euclidean geometry so we split
our space-time manifold as R1,9−d×M with Minkowski metric on R1,9−d, Euclidean metric
g on the d-dimensional internal manifold, H only non-vanishing on M and everything
independent of the coordinates in R1,9−d. We can then restrict ourselves to studying
the Euclidean geometry of the internal manifold M . The 10-dimensional Majorana-Weyl
spinors ǫL/R decompose into spinors of R
1,9−d and spinors in the internal manifold. For
instance in the case d = 2n we find
ǫL/R = ζL/R ⊗ ηL/R + ζcL/R ⊗ ηcL/R (2.13)
for any (1, 9 − 2n)-dimensional Weyl-spinors ζL/R, with ζcL/R their Majorana conjugates.
We also have ηcL/R = C(ηL/R)
∗ such that the ǫL/R are Majorana in 10 dimensions. Note
that when n is odd η and ηc have different chirality while when n is even they have the same
chirality. Plugging (2.13) into (2.9) we find supersymmetry variations of exactly the same
form but now for the ηL/R and η
c
L/R. If ηL/R and η
c
L/R generate independently preserved
supersymmetries4 we can define
φ0,i1...il =
d∑
l=0
ηR
†γi1...ilηL, or φ0,i1...il =
d∑
l=0
ηcR
†γi1...ilηL (2.14)
and find that both also obey (2.11).
The case just presented, in which we have two preserved supersymmetries on the
internal manifold on the left-moving side, generated by ηL and η
c
L and two preserved
supersymmetries on the right-moving side generated by ηR and η
c
R, will be the most studied
in this paper. Normalizing the spinors such that η†L/RηL/R = 1, η
c
L/R
†ηcL/R = 1 we can
define
ωL,ij = −iη†LγijηL, ωR,ij = −iη†RγijηR, (2.15a)
ΩL,i1...in = η
†
Lγi1...inη
c
L, ΩR,i1...in = η
†
Rγi1...inη
c
R. (2.15b)
4This means there is no relation needed between ηL and η
c
L nor between ηR and η
c
R as would be the case
in e.g. Spin(7)L × Spin(7)R-structure.
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From this we can construct two almost complex structures JL/R = g
−1ωL/R, J
2
L/R = −1.
It is possible to show from the dilatino equation in (2.9) that the Nijenhuistensors vanish
[1] so that JL/R are integrable. Note that ηL/R and η
c
L/R are the empty and completely
filled state of eqs. (A.7) and (A.8) for JL/R respectively.
From the vanishing of the gravitino transformations we find furthermore
∇±i ωjk = ∇±i ωjk ∓Hil[jω|l|k] = 0, (2.16a)
∇±i Ωj1...jn = ∇±i Ωj1...jn ∓
n
2
Hi
l
[j1Ω|l|j2...jn] = 0, (2.16b)
i.e. the left- and right-moving tensors are covariantly constant with respect to the Bis-
mut connections ∇+ = ∇ + 12H and ∇− = ∇ − 12H respectively. From the integrability
of the complex structures JL/R, their compatibility with the metric gJ + J
T g = 0 and
(2.16a) follows that we have in fact bihermitian geometry (g, JL, JR,H) [2]. We will use
its connection to the generalized Ka¨hler structure of [18, 17] later in the paper. We have
U(3)L × U(3)R structure which is further reduced to SU(3)L × SU(3)R structure by the
existence of ΩL/R satisfying (2.16b). Since eqs. (2.16a) and (2.16b) contain the Bismut
connection instead of the Levi-Civita connection it does not follow that we have special
holonomy. Only when H = 0 there is SU(n) holonomy and M is a Calabi-Yau manifold.
2.3 The bound and the supersymmetry variation of the gluino
In this subsection we establish the bound (2.6) for our candidate generalized calibration φ
and show that the bound is saturated if and only if the gluino variation vanishes. In that
case we say that the D-brane (N,F) wraps a supersymmetric cycle.
Let us define the following γ-matrix structures
ρ(F ) =
∑
l
1
2ll!(p− 2l)!Fa1a2 . . . Fa2l−1a2lγa2l+1...apǫ
a1...ap ,
Γ(F ) =
1√
det(P (g) + F )
ρ(F ),
(2.17)
with as before F = F − P (b). Using the methods of [31, 32, 33] we can show that
ρ(F )†ρ(F ) = (ρE(F ) + ρO(F ))(ρE(F )− ρO(F )) = det(P (g) + F ), (2.18)
where (ρE(F ))
† = ρE(F ) and ρO(F )
† = −ρO(F ) the hermitian and anti-hermitian part of
ρ(F ). Alternatively we have Γ(F )†Γ(F ) = 1.
These matrices are closely related to the Γ-matrix defined in [31, 32, 33]. That matrix
plays a crucial role in the definition of the κ-symmetry and supersymmetry transformations
for Dp-branes. In fact, for the Dp-branes we consider in this paper, i.e. the ones extended
solely in the internal manifold with only magnetic fields turned on, we have
ΓIIA = −(γ11γ0ΓE + γ0ΓO), ΓIIB = −(γ0ΓE + τ3γ0ΓO)τ1. (2.19)
These γ-matrix structures convert left-moving spinors into right-moving spinors. Indeed,
in the IIA case ΓIIA contains an odd number of γ-matrices so that it changes the chirality
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while in the IIB case τ1 takes care of the switch. They also satisfy Γ
† = Γ and Γ2 = 1.
The gluino supersymmetry transformation in a certain κ-gauge consists of a supersymmetry
transformation and a compensating κ-transformation. In [34] it is shown that the preserved
supersymmetries must satisfy
(1− Γ)ǫ = 0, (2.20)
with ǫ = (ǫL, ǫR). For the part of the spinors on the internal manifold this translates into
Γ(F )ηL = e
iγηR, (2.21)
with eiγ a constant phase.
Using eq. (2.18) we can, following [35], link the gluino supersymmetry condition (2.21)
to the bound (2.6). Indeed
det(P (g) + F ) = η†L det(P (g) + F )ηL =
∑
η′
(
η†Lρ
†(F )η′
) (
η′†ρ(F )ηL
)
=
∑
η′
∣∣∣η′†ρ(F )ηL∣∣∣2
≥
∣∣∣η†Rρ(F )ηL∣∣∣2 ≥ (ℜ(e−iγη†Rρ(F )ηL))2 ,
(2.22)
with γ the same constant as before. In the second line we have introduced an orthonormal
complete set of spinors
∑
η′ η
′ η′† = 1. In the end we find the bound
e−Φ
√
det(P (g) + F ) ≥ ℜ (e−iγe−ΦP (φ0)eF )ǫ , (2.23)
where φ0 given by (2.14). Moreover, from (2.11) we know that d
(ℜ (e−iγe−Φφ0e−b)) = 0
so that we have indeed constructed a generalized calibration.
The bound is saturated if and only if
η′†ρ(F )ηL = 0, ∀η′ 6= ηR, (2.24a)√
det(P (g) + F ) = e−iγη†Rρ(F )ηL. (2.24b)
These two conditions are completely equivalent to (2.21). It follows that this type of
generalized calibrated D-branes is supersymmetric and vice-versa every supersymmetric
D-brane is a generalized calibrated D-brane of this type.
Another related viewpoint on supersymmetry vs. calibrations made of bilinears of
spinors is based on central charges in the supersymmetry algebra [36, 37, 38, 39]. The
calibration bound is then the well-known BPS bound and when there is unbroken super-
symmetry the Hamiltonian is equal to the central charge. This approach is heavily used in
[9]. We defer working out the details for the calibrations at hand to further work.
3. World-sheet approach
In this section we consider the conditions for unbroken target space supersymmetry again,
but now in the string world-sheet approach. We will find exactly the same conditions
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(2.24a) and (2.24b). The special case of H = 0 was already studied from this viewpoint in
[14].
Here we study an N = (1, 1) non-linear sigma-model with bulk metric g and torsion
H = db. As has been found in [12] and later studied in great detail in [40, 41], if we
introduce a D-brane (N,F), the gluing conditions read
ψiR = R
i
jψ
j
L, (3.1)
with
R = P+
g − F
g + F
P+ − P−. (3.2)
Here the submanifold N on which the D-brane wraps is determined by the integrable
product structure r = P+−P−, r2 = 1, which is compatible with the metric, i.e. rT gr = g.
P+, satisfying P
2
+ = P+, projects on vectors tangential to the D-brane, while P−, satisfying
P 2− = P−, projects on vectors normal to the D-brane. We also have
F = FM − P+bP+, (3.3)
where FM is a smooth extension of F to M , i.e. P (FM ) = F , satisfying P−FM = FMP− =
0.
We can promote the N = (1, 1) supersymmetry to an N = (2, 2) supersymmetry if
and only if the target space manifold M admits a bihermitian geometry (g, JL, JR,H) [2].
The U(1) R-currents of the N = (2, 2) geometry read
jL = ωL,ijψ
i
Lψ
j
L, jR = ωR,ijψ
i
Rψ
j
R. (3.4)
If the D-brane is to preserve N = 2 supersymmetry we must have jL = jR on the boundary.
Using eq. (3.1) we find that we must have
RTωRR = ωL, (3.5)
or alternatively
R−1JRR = JL. (3.6)
Plugging (2.15a) into (3.5) the condition becomes
η†RR
i
kR
j
lγijηR = η
†
LγklηL. (3.7)
Before proceeding, we will first show that the Γ(F ) defined in (2.17) is in fact the
spinor representation of R. We rewrite Γ(F ) as:
Γ(F ) =
√
det(P (g))√
det(P (g) + F )
se(−/F )ΓN , (3.8)
with “se” the skew-exponential function (the usual exponential function but with γ-matrices
completely symmetrized at every order):
se(/F ) =
⌊p/2⌋∑
l=0
1
2ll!
γa1...a2lFa1a2 . . . Fa2l−1a2l = /e
F , (3.9)
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and
ΓN =
1
p!
√
det(P (g))
ǫa1...apγa1...ap . (3.10)
In [34] it is shown that √
det(P (g))√
det(P (g) + F )
se (−/F ) = exp
[
−1
4
φabγab
]
, (3.11)
with φ = 2arctan F = ln P (g)+FP (g)−F . This is a rotation with angle matrix φ in the spinor
representation. On the other hand, ΓN (γd+1)
p+1 is the spinor representation of a reflection
in the directions normal to the D-brane. Taking both together we find that if we define
the spinor representation UR as
Rijγi = U
†
RγjUR, (3.12)
then
U †R = U
−1
R = Γ(F ) (γd+1)
p+1 . (3.13)
Picking up where we left off at eq. (3.7) and plugging in (3.12) we find
(URηR)
† γkl (URηR) = η
†
LγklηL (3.14)
Using eq. (3.13) and rephrasing (2.24a) as
Γ(F )ηL = e
iβ(σ)ηR, (3.15)
we see that condition (2.24a) implies (3.14) and thus (3.5). Since both ηL and ηR are
normalized, the proportionality factor eiβ(σ) can indeed only be a phase. At this point, it
may still vary over the D-brane though. We emphasize this by indicating that it can be a
function of the D-brane world-volume coordinates σ. It is condition (2.24b) that will fix it
to a constant phase β(σ) = γ.
Conversely, from (3.6) follows that for every vector v that is a (+i)-eigenvalue of
JL, w = Rv is a (+i)-eigenvalue of JR, and vice-versa. Now ηR is the spinor that is
annihilated by all wiγi with w a (+i)-eigenvalue of JR. Using eq. (3.12) it follows that
URηR is annihilated by all v
iγi with v a (+i)-eigenvalues of JL. This implies URηR ∝ ηL
or equivalently (3.15).
Summarizing we find:
R−1JRR = JL ⇔ η′†ρ(F )ηL = 0, ∀η′ 6= ηR,
R−1JRR = −JL ⇔ η′†ρ(F )ηL = 0, ∀η′ 6= ηcR,
(3.16)
The second statement can be proven analogously or just by noting that changing J → −J
will indeed send η → ηc. For later use we also note that
ρ(F )ηL ∝ ηR ⇔ R−1JRR = JL ⇔ R−1(−JR)R = −JL ⇔ ρ(F )ηcL ∝ ηcR. (3.17)
From the point of view of topological string theory a boundary condition that preserves
N = 2 supersymmetry is a topological D-brane. This is however not enough to have unbro-
ken supersymmetry for the D-branes in target space. So, also from the world-sheet analysis
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we find a second condition, which we will derive now. The target space supersymmetry is
generated by the spectral flow operators
SL/R =
1
n!
ΩL/R,i1...inψ
i1
L/R . . . ψ
in
L/R. (3.18)
On the boundary we require matching of the spectral flow operators
SR = e
iαSL. (3.19)
We would like to show that this matching condition is equivalent to (2.24b) and find the
precise relation between the phases eiα and eiγ . In order to do that, we introduce a charge
conjugation matrix C (see (A.11) for the defining property) such that
ηcL = Cη
∗
L. (3.20)
Plugging in (2.15b) and using the same trick as above we rewrite the matching condition
(3.19) as
(URηR)
† γi1...inURη
c
R = e
iαη†Lγi1...inη
c
L (3.21)
Suppose the condition (3.15) for having a topological brane is already satisfied. If we take
the chirality of ηL to be positive we can rewrite it as
URηR = e
−iβ(σ)ηL. (3.22)
Let us now calculate
Γ(F )ηcL = Γ(F )Cη
∗
L = CΓ(F )
∗η∗L = e
−iβ(σ)Cη∗R, (3.23)
where we used (3.20), (A.11) and (3.15). We already know from (3.17) that this result
should be proportional to ηcR. However, there is some phase arbitrariness in the definition
of ηR and thus also in the definition of γ in (2.24b). In order to find a definite relation
between α and γ we fix it by choosing
ηcR = Cη
∗
R, (3.24)
with the same charge conjugation matrix as used for the left-movers, and find
Γ(F )ηcL = e
−iβ(σ)ηcR, (3.25)
From this follows
URη
c
R = (−1)neiβ(σ)ηcL. (3.26)
Plugging this into (3.21) we find that β(σ) = γ should be constant and find the relation
eiα = (−1)ne2iγ . (3.27)
Concluding, the world-sheet supersymmetry conditions (3.6) and (3.19) are exactly
equivalent to the generalized calibration conditions (2.24a) and (2.24b) which are in turn
equivalent to the target space gluino supersymmetry condition (2.21). The condition (3.19)
is called the stability condition.
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4. Special case: Calabi-Yau manifold
In this section we specialize to the case H = 0, but non-vanishing F , and present the two
canonical examples studied before in [11] from the target space perspective and in [14] from
the world-sheet perspective. In this case we find:
∇JL/R = dω = ∇ΩL/R = dΩL/R = ∇ηL/R = 0, (4.1)
where ∇ is the covariant derivative containing the Levi-Civita connection. So we have
SU(3)-holonomy andM is a Calabi-Yau manifold. If we do not introduce any extra special
holonomy we find that either JR = JL or JR = −JL. Since mirror symmetry reverses the
sign of JR it will exchange these two cases.
4.1 B-branes: the complex case
In the first case of JR = JL, we find
R−1JR = J, (4.2)
from which follows rJr = J , which implies N is a complex submanifold with complex
structure P+JP+, and F is of type (1, 1) on N . We must have p = 2k even. We take
ηL = ηR and find for the calibration condition (2.24b):
√
det(P (g) + F ) = e−iγ
1
k!
(iP (ω) + F )k|ǫ = ik−ne−iα/2 1
k!
(P (ω)− iF )k|ǫ. (4.3)
For small F this reduces to the Donaldson-Uhlenbeck-Yau condition gαβ¯Fαβ¯ = 0. The
case of p = d was extensively studied in [35] (see also references therein). In there, the
existence of a calibration bound like this was used as a constraint to calculate derivative
and non-abelian corrections to the D-brane effective action.
4.2 A-branes: the coisotropic case
In the second case, we find
R−1JR = −J. (4.4)
As was first shown in [13] this leads to the following three properties (see also section 7.2
of [17]):
1. Let us define AnnTN = {ξ ∈ T ∗M : Xiξi = 0, ∀X ∈ TN}. Then we have ω−1(ξ) ∈
TN ,∀ξ ∈ AnnTN . This means the submanifold is coisotropic. It also implies that the
symplectic orthogonal bundle T⊥N = {Y ∈ TM : ωijXiY j = 0, ∀X ∈ TN} lies within
TN : T
⊥
N ⊆ TN . Because ω is non-degenerate, the dimension of T⊥N is the codimension
of TN .
2. FY = 0, ∀Y ∈ T⊥N i.e. F descends to TN/T⊥N .
3. (ω|N )−1 F is an almost complex structure on TN/T⊥N . In fact, in [13] it was shown
that this complex structure is integrable.
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It can be shown that the complex dimension of TN/T
⊥
N should be even. This implies that
p− n = 2k is even. We take now
ηR = (−1)
n(n−1)
2 ηcL. (4.5)
The phase factor comes about because we want to stick to our convention (3.24). In
calculating it we used (A.13). For the calibration condition (2.24b) we find
√
det(P (g) + F ) = eiγ
(
P (Ω) ∧ eF )
[p],ǫ
. (4.6)
5. Generalized Calabi-Yau geometry
In [17] it was shown that bihermitian geometry is equivalent to generalized Ka¨hler structure.
In the latter context, yet another notion of generalized calibrations was introduced. We
will show however that these calibrations exactly coincide with the generalized calibrations
studied here. First we start with a lightning review of generalized complex geometry and
connect these concepts to the ideas of the previous sections as they are introduced. The
reader is advised however to also consult [18] and [17].
5.1 Generalized complex geometry
In generalized (complex) geometry the usual statements about integrable subbundles of the
tangent bundle TM are replaced by similar statements about subbundles of TM ⊕ T ∗M . On
this space there exists a natural metric defined by (U, V ) = (X+ξ, Y +η) = 12 (iXη + iY ξ) =
1
2
(
Xiηi + Y
iξi
)
with X,Y ∈ TM and ξ, η ∈ T ∗M . We will denote this metric, which has
(d, d)-signature, by I. A subbundle L ⊂ TM ⊕ T ∗M is isotropic if (U, V ) = 0 for every
U, V ∈ L. If it has the maximal dimension d, it is called maximally isotropic. A subbundle
L is integrable if the Courant bracket,
[U, V ] = [X + ξ, Y + η] = [X,Y ]L + LXη − LY ξ − 1
2
d(iXη − iY ξ), (5.1)
is closed on L, i.e. if it is involutive. Here, [., .]L is the Lie bracket on TM and L is the
Lie-derivative. The Courant bracket can be twisted by a closed 3-form H as follows
[U, V ]H = [X + ξ, Y + η]H = [X,Y ]L + LXη − LY ξ − 1
2
d(iXη − iY ξ) + iXiYH. (5.2)
A subbundleL that is involutive under theH-twisted Courant bracket is calledH-integrable.
The only symmetries of the Lie bracket are diffeomorphisms. The Courant bracket however
has an extra symmetry which is called the b-transform5:
eb(X + ξ) = X + ξ − iXb = X + ξ + bX. (5.3)
5Note that our sign convention for the b-transform differs from the one in the generalized complex
structure literature. In this convention one can represent the b-transform as the matrix
(
1 0
b 1
)
working
on (X ξ)T .
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Under the b-transform the Courant bracket changes as
[ebU, ebV ]H = e
b[U, V ]H+db. (5.4)
Therefore the b-transform is an automorphism if and only if db = 0. Taking H ′ = H + db
in eq. (5.4) we see that if L is H ′-integrable, then ebL will be (H ′ − db)-integrable.
An element U ∈ TM⊕T ∗M has a natural action on a sum of forms of different dimensions
(henceforth just called form), φ ∈ ∧•T ∗M as follows:
U · φ = (X, ξ) · φ = iXφ+ ξ ∧ φ. (5.5)
In fact, this makes TM ⊕ T ∗M a realization of the Clifford algebra Cliff(d, d) and the forms
the spin representation since (X + ξ)2 ·φ = (iXξ)φ = (X + ξ,X + ξ)φ. A spinor φ is called
pure if its null space Lφ = {U ∈ TM ⊕ T ∗M : U · φ = 0} is maximally isotropic. Every
maximally isotropic subbundle L is represented by a unique pure spinor line UL (i.e. a
spinor defined up to a proportionality factor). If φ is a pure spinor of L, then ebφ will be
a pure spinor of ebL. Pure spinors have a definite parity. They are positive if they consist
solely of even forms and negative if they consist of odd forms.
In [18] it was shown that L is H-integrable if and only if for any spinor φ of the
corresponding pure spinor line there exists a U = (X, ξ) such that it satisfies dHφ =
(d+H∧)φ = iXφ+ ξ ∧ φ. In many examples, it will be possible to find a pure spinor such
that simply dHφ = 0. In that case we find indeed that dH−db(e
bL) = 0 such that ebL is
(H − db)-integrable.
Let us now interpret eq. (3.1) in terms of a maximally isotropic subbundle. The (1, 1)-
tensor r defines a distribution E ⊆ TM consisting of the vector fields v satisfying rv = v.
If the distribution is involutive with respect to the Lie bracket, through a point x we can
define a submanifold N such that E|N = TN . We consider now a D-brane (N,F) and
define F as in eq. (3.3). Following [16] we introduce
ψi = ψiL + ψ
i
R, ρi = gij
(
ψjL − ψjR
)
. (5.6)
The gluing condition (3.1) can then be rewritten as
RΨ = Ψ, (5.7)
with
R = eF re−F =
(
1 0
F 1
)(
r 0
0 −rt
)(
1 0
−F 1
)
. (5.8)
and Ψ = (ψ ρ)T . In fact, this means that Ψ belongs to the generalized tangent bundle
(N,F ), which is defined as
L(N,F ) = {X + ξ ∈ TN ⊕ T ∗M : ξ|N = iXF} = eF (TN ⊕AnnTN ) . (5.9)
This is a maximally isotropic subbundle. In [17] it is shown that the generalized tan-
gent bundle is involutive with respect to the H-twisted Courant bracket precisely if E is
involutive and dF = −H|N . The corresponding pure spinor is given by
τ(N,F ) = c expF detAnnTN , (5.10)
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where detAnnTN = θ1 ∧ . . . ∧ θd−p with (θ1, . . . , θd−p) a basis for AnnTN . c 6= 0 is an
arbitrary constant. We see that in fact ρ(F ) defined in eq. (2.17) and rewritten in the
manner of eq. (3.8) reads
ρ(F ) =
√
P (g)se(−/F )ΓN =
√
P (g)se(−/F )Γ⊥Nγ1...d, (5.11)
where we defined Γ⊥Nγ1...d = ΓN . By going to a coordinate system where the tangent
directions to the submanifold are denoted by the first p coordinates, one easily sees that
Γ⊥N will be a product of γ-matrices in the normal space. Eqs. (5.10) and (5.11) show that
τ(N,F ), the pure spinor associated to the generalized tangent bundle defined by R, and
ρ(F ), the spinor representation of the R in (3.1) are closely related. To be precise:
ρ(F ) =
√
P (g)(−1) (d−p)(d−p−1)2
∑
l
1
l!
(
⋆τ(N,F )
)j1...jl γj1...jl . (5.12)
An almost generalized complex structure is a map J : TM ⊕ T ∗M → TM ⊕ T ∗M such
that J 2 = −1 and that J is compatible with the metric: (JU,J V ) = (U, V ). Let L
and L¯ denote the (+i) and (−i)-eigenbundles of J respectively. L and L¯ are maximally
isotropic subbundles. J is an H-twisted generalized complex structure if and only if L
is H-integrable (which implies that L¯ is also H-integrable). We denote the pure spinor
associated to L by φJ .
An H-twisted generalized Ka¨hler structure is a pair (J1,J2) of commuting H-twisted
generalized complex structures such that G = IF = −IJ1J2 is a positive definite metric
on TM ⊕ T ∗M . Note that F = −J1J2 satisfies F 2 = 1. We will call the (+1) and (−1)-
eigenbundles of F , C+ and C− respectively. We can define the projections p± =
1
2(1 + F )
on C± and the projection π on TM such that π(X, ξ) = X. It is easy to see that J1 = J2
on C+ and J1 = −J2 on C−. By projection from C±, J1 induces two almost complex
structures on M , which we denote JL/R. More concretely, they are defined such that
J1 = π|−1C+JLπp+ + π|−1C−JRπp−,
J2 = π|−1C+JLπp+ − π|−1C−JRπp−.
(5.13)
We see that since mirror symmetry sends JR → −JR it interchanges J1 and J2. In
coordinates the metric G = IF has the form
F = ebge−b =
(
1 0
b 1
)(
0 g−1
g 0
)(
1 0
−b 1
)
, (5.14)
and is thus determined by the pair (g, b). Furthermore
J1/2 =
1
2
eb
(
JL ± JR −(ω−1L ∓ ω−1R )
ωL ∓ ωR −(JTL ± JTR )
)
e−b, (5.15)
with as before ωL/R = gJL/R. The two pure spinors J1 and J2 are of the same parity if
n = d/2 even and of opposite parity if n odd.
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In [17] it is shown that the generalized Ka¨hler geometry (J1,J2) is completely equiv-
alent to the bihermitian geometry (g, JL, JR,H) namely J1 and J2 defined in (5.15) are
H˜-integrable with H˜ = H − db if and only if the corresponding JL and JR from (5.13)
satisfy
(∇± 1
2
H)JL/R = 0, (5.16)
and H is of type (2, 1) + (1, 2) with respect to both JL/R (the latter condition is implied
by JL/R integrable). Note that to each bihermitian structure correspond many generalized
Ka¨hler structures which differ from each other by a b-transform. In what follows we apply
a b-transform such that b = 0 in (5.14) and (5.15). This means that we will put all
b-dependence into R defined in (5.8).
The canonical example is a usual Ka¨hler structure (g, J, ω) with ω = gJ . The gener-
alized complex structures and metric are
J1 =
(
J 0
0 −JT
)
, J2 =
(
0 −ω−1
ω 0
)
, G = −IJ1J2 =
(
g 0
0 g−1
)
. (5.17)
J1 is Courant integrable if and only if J is Lie integrable and J2 is integrable if and only
if dω = 0 so that we indeed find a Ka¨hler structure. The corresponding pure spinors are Ω¯
and e−iω. From eq. (5.15) we find JL = JR. Note that putting JL = −JR corresponds to
switching J1 ↔ J2. These are the two special cases under study in section 4.
With the choice b = 0, vectors of C± have the form (v
a,±gabvb) respectively. From
eq. (5.6) we see that Ψ = (ψ, ρ) = (ψL, gψL)+(ψR,−gψR) so that the part with ψL belongs
to C+ and the part with ψR to C−. In [16] it is shown that
R−1JRR = ±JL ⇔ J1/2 = R−1J1/2R. (5.18)
So using eq. (3.16) we see that the first condition for the saturation of the calibration
bound (2.24a) means that the generalized tangent bundle L(N,F ) of the D-brane should
be invariant under J1/2 or J2. This implies the generalized submanifold should be in fact
a generalized complex submanifold. As studied in section 4 in the case of a Calabi-Yau
manifold this leads to complex and coisotropic D-branes respectively.
We will study the second condition in the next subsection, but first we need to introduce
the pure spinors of J1/2. As in [19, 20] it will be convenient to explore the connection
between forms on M and Cliff(d) bispinors:
C =
∑
l
1
l!
C
[l]
i1...il
dxi1 ∧ . . . ∧ dxil ←→ /C =
∑
l
1
l!
C
[l]
i1...il
γi1...il . (5.19)
Because of (5.5) we have a relation between Cliff(d, d) spinors and sums of forms which are
thus in turn related to Cliff(d) bispinors. We can act on the bispinor with γ-matrices from
the left (denoted by −→γi ) and γ-matrices from the right (denoted by ←−γi ), which identifying
C and /C has the effect:
Xj−→γj ←→ Xjij + gijXjdxi∧ = (X, gX)·,
Xj←−γj ←→ (−1)P+1
(
Xjij − gijXjdxi∧
)
= (−1)P+1(X,−gX)·, (5.20)
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with (−1)P the parity of the pure spinor. So we see that Xj−→γj reproduces the action of
elements of C+ andX
j←−γj of elements of C−. It follows immediately that ηL η†R is annihilated
by (+i)-eigenvalues of JL on the C+-side and (−i)-eigenvalues of JR on the C−-side. We
see from eq. (5.13) that it must corresponds to J2. Analogously ηL (ηcR)† corresponds to
J1. Fierzing one finds
/φJ2 = ηL η
†
R =
1
dimS
∑
l
(−1) l(l−1)2
l!
(
η†Rγi1...ilηL
)
γi1...il , (5.21)
with dimS the dimension of the spinor representation. We find the analogous expression
for J1 by replacing ηR → ηcR. From eq. (2.11) it follows that
d
(
e−ΦφJ1/2
)
+H ∧ e−ΦφJ1/2 = 0, (5.22)
which means that both generalized complex structures are not only H-integrable but in
fact H-twisted generalized Calabi-Yau structures according to Hitchin’s definition [18].
Note that Hitchin’s definition does not require a generalized Ka¨hler structure, just one
generalized complex structure.
However, we can also show that we have a generalized Calabi-Yau structure in the
sense of Gualtieri [17], which is rather a generalized Ka¨hler structure so that both pure
spinors e−ΦφJ1/2 satisfy eq. (5.22) and their lengths are related by a constant c ∈ R:
(φJ1 , φ¯J1) = c(φJ2 , φ¯J2), (5.23)
where we defined the Spin0(d, d)-invariant bilinear form on spinors:
(φ1, φ2) = (α(φ1) ∧ φ2)top. (5.24)
Here α reverses the indices of a form:
α(φ) =
∑
l
φil...i1dx
i1 ∧ . . . ∧ dxil . (5.25)
In particular the bilinear form is invariant under the b-transform. To show eq. (5.23) we
note that for two form φ1 and φ2:
Tr (/φ1γ1...d /φ2) =
1√
g
(α(φ1) ∧ α(φ2))top,ǫ . (5.26)
To prove this equation we used the fact that all antisymmetrized products of γ-matrices
are traceless so that the trace selects out the piece proportional to 1. Now we plug in φJ1
from eq. (5.21) and use
(
η†Rγi1...ilηL
)∗
=
(
η†Lγil...i1ηR
)
to calculate φ¯J1 . We do the same
for φJ2 . In the end we find simply
c = (−1)n. (5.27)
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5.2 Generalized calibrations in generalized Calabi-Yau manifolds
With all this machinery we are finally ready to show that the notion of generalized cal-
ibrations introduced here is equivalent to definition 7.10 of [17]. We start from (2.24b)
and introduce a trace over the spinor representation on the right hand side. This is trivial
because the right hand side is a scalar. Next we use cyclicity:√
det(P (g) + F ) = e−iγTr
(
η†Rρ(F )ηL
)
= e−iγTr
(
ηLη
†
R ρ(F )
)
. (5.28)
Now we can plug in eqs. (5.12) and (5.21) and use eq. (5.26). We find:
√
det(P (g) + F ) = (−1)te−iγ
√
P (g)
1√
g
(
φJ2 , τ(N,F )
)
ǫ
, (5.29)
where (−1)t = (−1)(d−p)(d−p−1)/2(−1)p(d−p) is a sign.
The volume form vol|L(N,F ) contains
√
detG|L(N,F ) where G|L(N,F ) is the pull-back of
the metric G to the generalized tangent bundle L(N,F ). We calculate√
detG|L(N,F ) ∝ det(P (g) + F ). (5.30)
Plugging in eq. (5.29) we find√
detG|L(N,F ) ∝ (τ(N,F ), φJ2)(φJ2 , τ(N,F )). (5.31)
In [17] the Cliff(d, d) bispinor Ω2 is defined as Ω2 = (., φJ2)(φJ2 , .) ∈ ∧• (TM ⊕ T ∗M ) ⊗
detT ∗M . Gualtieri argues furthermore that for a pure spinor φ the bispinor (., φ)(φ, .) is
an element of detL ⊗ detT ∗M where L is the corresponding maximal isotropic subbundle.
Introducing again a trace, but now over the (d, d)-spinors we use this fact for τ(N,F ) and
find
vol|L(N,F ) = eiγ
′ 1√
g
Ω2|L(N,F ). (5.32)
We introduced the 1/
√
g factor to compensate for the extra detT ∗M factor in the trans-
formation law of Ω2. Eq. (5.32) is precisely the definition of the calibration introduced in
[17].
In the end we find that a D-brane is generalized calibrated if it is a generalized complex
submanifold with respect to J1 and obeys eq. (5.32) for J2.
6. Discussion
In this paper we have introduced generalized calibrations that provide a bound on the Dirac-
Born-Infeld energy, rather than the volume. We considered a supersymmetric background
with non-vanishing dilaton and 3-form H. We showed that
e−Φ
√
det(P (g) + F ) ≥ ℜ
(
e−iγe−Φη†Rρ(F )ηL
)
, (6.1)
with e−iγ a constant phase and ηL and ηR generators of left- and right-moving unbro-
ken supersymmetry. We established the relation between calibrated submanifolds and
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supersymmetric cycles. We showed that one obtains the same results by demanding super-
symmetry in the string world-sheet approach. Finally, we made the connection with the
calibrations introduced in [17] in the context of generalized Calabi-Yau geometry. This lat-
ter geometry contains two commuting generalized complex structures (J1,J2). We showed
that D-branes are calibrated, in the sense of this paper, if and only if they are complex
submanifolds with respect to J1 and calibrated, in the sense of [17], with respect to J2,
or vice-versa. Furthermore, we note that the mirror map changes the sign of the U(1)
R-symmetry in the right-moving sector and thus sends JR → −JR and changes ηR into ηcR.
It also interchanges J1 and J2. Thus B- and A-type branes are interchanged.
We would like to emphasize that our analysis only applies to abelian gauge fields.
It would be interesting although presumably extremely hard to generalize to non-abelian
gauge fields. In this case the full form of the analogue of the Dirac-Born-Infeld action is
not even known and there is an intricate interplay with derivative corrections.
In this paper we considered SU(n)L × SU(n)R structure. We do not have to restrict
ourselves to this case. In fact, the analysis in section 2 goes through as soon as we have an
ηL on the left and a ηR on the right satisfying eqs. (2.9). We can then construct a closed
calibration, establish the calibration bound, and show the relation with supersymmetry as
before. So we could also consider for example Spin(7)× Spin(7) in d = 8 and G2 ×G2 in
d = 7. In the latter case we could make the connection with the generalized G2-structures
introduced in [42, 30]. We could define a calibration in the same way as for a generalized
Calabi-Yau geometry. The details remain work in progress.
We saw that for getting supersymmetric D-branes from the world-sheet perspective
one also needed to impose stability as an additional condition in addition to just being
topological. However, stability is also important even if one stays within topological string
theory. Indeed, at the quantum level there is an anomaly in the R-charge. For A-branes
without gauge field the anomaly vanishes if the Maslov class vanishes (for a review see
section 3.1.1 of [43] or sections 38.4 and 39.3 of [44]). The definition of the Maslov class is
closely related to the notion of “special” in special Lagrangian. Specifically, it is easy to
show that any special Lagrangian submanifold has vanishing Maslov class. Although the
conditions for anomaly cancellation for the coisotropic A-branes are not known, in [14] a
proposal for a generalized Maslov class was made. Even more speculatively, we could also
make here a proposal for a generalized Maslov class for the case H 6= 0. Topological branes
satisfy eq. (2.24a) or rephrased conveniently:
√
det(P (g) + F ) = e−iβ(σ)η†Rρ(F )ηL, (6.2)
where e−β(σ) provides a map from the submanifold N on which the D-brane wraps to the
circle S1. This in turn induces a map on the fundamental group β∗ : π1(N)→ π1(S1) ∼= Z
which we could take as the generalized Maslov class. Clearly, if the brane is stable, this
Maslov class is trivial.
Another interesting generalization would be to reintroduce the R-R fields in the su-
persymmetry transformations (2.9). The exterior derivative of the calibration will now be
related to these R-R fields (see [20, 21]). It would be nice to introduce a new calibration
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so that calibrated submanifolds will minimize the sum of the Dirac-Born-Infeld term and
the Wess-Zumino term.
As a final speculation, we note that in [45] a relation between calibrations and the
effective superpotential was found in the context of compactification on Calabi-Yau 4-folds.
It would be interesting to see if this relation could be extended to generalized calibrations
and generalized Calabi-Yau manifolds and to compare with the results of [21].
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A. Conventions
We use µ, ν, . . . for space-time indices, i, j, . . . for indices on the internal manifold M and
a, b, . . . for indices on the D-brane world-volume. d indicates the dimension of M and p the
dimension of the D-brane. If d even, we define n = d/2 and if p even, k = p/2.
Given a form φ = 1l!φi1...ildx
i1 . . . dxil we will denote its contraction with the epsilon-
tensor as
φǫ =
1
l!
φi1...ilǫ
i1...il , (A.1)
and the contraction with γ-matrices as
/φ =
1
l!
φi1...ilγ
i1...il . (A.2)
The Hodge dual form is given by
⋆φj1...jd−l =
1√
g l!
φi1...ilǫ
i1...ilj1...jd−l . (A.3)
γ-matrices on curved space are as usual defined as γi = e
A
i γA, where e
A
i is the vielbein
and γA a γ-matrix on flat space with metric δAB . γ-matrices γa on the D-brane world-
volume are defined as the pull-back of γ-matrices on the internal manifold: γa = ∂ax
iγi.
Furthermore we define
γ1...d =
1√
g
γi1...idǫ
i1...id . (A.4)
Since γ21...d = (−1)
d(d−1)
2 we should define the chirality matrix as
γd+1 = i
d(d−1)
2 γ1...d. (A.5)
Given a complex structure J , the spinor η0 — the empty state — is such that it is
annihilated by all Xiγi where the vector X is a (+i)-eigenvalue of J . If we choose complex
coordinates α, β, . . . such that
Jαβ = iδ
α
β, J
α¯
β¯ = −iδα¯β¯, (A.6)
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η0 is annihilated by all γα:
γαη0 = 0, for allα (A.7)
The completely filled state ηc0 on the other hand is given by
ηc0 =
1
g1/42n/2
γn¯...1¯η0. (A.8)
It satisfies γα¯η
c
0 = 0 for all α.
Starting from the complex coordinates we can also define coordinates xi, yi in which
J takes a block-diagonal form:
zα =
1√
2
(xα + iyα) , zα¯ =
1√
2
(xα − iyα) , (A.9)
Building the spinor representation by acting with γα¯ on η0, we find that the γα and γα¯ are
real in this representation such that γ∗xα = γ
∗
xα and γ
∗
yα = −γ∗yα . We can then define the
charge conjugation matrix C as
C =
1
g1/4
γxn...x1 , forn odd,
C =
1
g1/4
(−1)n/2γyn...y1 , forn even,
(A.10)
which indeed obeys
(γi)
∗ = C−1γiC. (A.11)
From (A.8) and (A.10) follows
ηc = Cη∗. (A.12)
From the defining property (A.11) follows that CC∗ = δ1 with δ = δ∗. With our choices
C is normalized such that |δ| = 1. To be precise
CC∗ = (−1)n(n−1)2 1. (A.13)
Note that although we used a specific choice of γ-matrices and C the remaining sign is
independent of that.
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